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Abstract 



We introduce a novel first-order differential calculus for the quantum unitary 
group C q [E/j\r], and a generalisation of the Woronowicz construction of higher forms 
which is applicable to it. The exterior algebra produced is shown to have classical 
dimension. Building on this we describe the quantum projective spaces (endowed 
with the Heckenberger-Kolb calculus) as the base space of a quantum homogeneous 
bundle with total space C q [U]y]. The induced higher forms for each quantum projec- 
tive space are then framed as associated bundles using a new general result. Next a 
notion of noncommutative complex structure is given, along with a general method 
for constructing such structures from quantum homogeneous bundles. The method 
is applied to the quantum projective spaces yielding a direct deformation of their 
classical complex structure. 



1 Introduction 

The interaction of the theory of quantum groups with Connes' formulation of noncom- 
mutative geometry is a very important, exciting, and active area of contemporary math- 
ematics. Both theories are based on a philosophy of viewing noncommutative algebras as 
generalisations of function algebras. Thus, it is natural to expect that they can be un- 
derstood in some unified way. However, major difficulties arise when one tries to find 
such a common viewpoint. 

The central notion in Connes' approach to noncommutative geometry is that of a spectral 
triple: This is a type of noncommutative generalisation of the Dirac operator on a 
Riemannian spin manifold [15]. The main role of spectral triples is to provide a 
means to calculate the index pairing between the K-theory and K-homology groups of 
C*-algebras, using techniques that generalise the methods of the Atiyah-Singer index 
theorem. 

However, it is notoriously difficult to construct generalised Dirac operators on quantum 
groups, or quantum group homogeneous spaces, that respect the spectral triple axioms. 
Indeed, for some time it was even suspected that it was impossible to do so. The first 
result to suggest otherwise was obtained by Chakraborty and Pal [5], who constructed 
a spectral triple on C q [SU2] following the isospectral deformation approach suggested 
by Connes and Landi [9]. A large number of examples would follow, including spectral 
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triples on general C 9 [5C/jv], on the odd and even dimensional quantum spheres, and on 
all the quantum projective spaces [61 UHl EH 121 02]. One of most notable results was 
that of Neshveyev and Tuset [39] , who used a Drinfeld twist to construct spectral triples 
for all the Drinfeld-Jimbo quantum groups and their homogeneous spaces. However, 
since the construction of a Drinfeld twist is not particularly explicit, certain properties 
of these Dirac operators are not immediate. Moreover, it is not clear that the spectral 
triples adequately take the deformation of the quantum groups into account. 

Now before anyone had ever tried to construct Dirac operators on quantum groups, there 
already existed a purely algebraic approach to studying the geometry of noncommuta- 
tive Hopf algebras. This approach has its origin in the seminal work of S. L. Woronowicz 
|49| . The basic structure needed here is that of a covariant differential calculus, which 
generalises the Kahler differential forms of a variety. Noncommutative versions of the 
objects from classical differential geometry are then built up piece by piece in terms of 
this structure. 

The main problem with Woronowicz's approach is that for a general quantum group, 
or quantum group homogeneous space, reasonable covariant calculi can often fail to 
exist, leaving doubt about the best way to proceed. However, there exists a major 
family of quantum group homogeneous spaces for which this problem does not arise: 
the quantum flag manifolds [3UJ, 071 US] . In [TB] , it was shown that there exist exactly 
two finite-dimensional irreducible covariant calculi for each C q [G/P]. One of these is a 
q-deformation of the holomorphic forms of G/P, while the other is a q-deformation of 
the anti-holomorphic forms. Their direct sum is usually called the Heckenberger-Kolb 
calculus. The unambiguous nature of this result shows that Woronowicz's theory of 
covariant differential calculi is intimately suited to the study of the geometry of quantum 
flag manifolds. Moreover, the Heckenberger-Kolb calculus canonically extends to a total 
differential calculus with a complex structure directly generalising the complex structure 
of the undeformed flag manifolds [19 i. 

Classically, each flag manifold has a canonical metric coming from the restriction of the 
Fubini-Study metric for the projective spaces. This metric is Kahler, and so, it has an 
associated Dirac operator which is a twist of the Dirae-Dolbeault operator d + d . Thus, 
an obvious starting point for the construction of Dirac oprators for the quantum flag 
manifolds would be try and find a metric and Hodge operator for the Heckenberger- 
Kolb total calculus. For a Hopf algebra G, with a left-covariant calculus Q 1 (G), there 
is a natural way to do this [T7]. The method uses the Woronowicz Theorem [39], which 
describes each such left-covariant calculus as a free module G ® V, where V is a vector 
space generalising the cotangent space. However, calculi for homogeneous spaces are 
not in general free modules (classically this corresponds to the fact that they are not in 
general parallelisable) . The calculi are usually given a present at ation in terms of gener- 
ators and relations which can be difficult to use as a base for further progress. Indeed, 
subsequent work in the area by Krahmer [29J, and by Dabrowski and D 'Andrea [8j 114j. 
departed from the direct differential calculus approach and used quite different methods. 
The Dirac operators produced, however, had a number of shortcomings, casting doubt 
on the suitability of their constructions. 
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Another approach to the problem is the theory of quantum framed manifolds introduced 
by Majid [37J E5]- Here one looks for a description of the calculus as a quantum as- 
sociated bundle. The approach seeks to generalise the fact that while every cotangent 
bundle is not parellisable, it is always expressable as an associated bundle to a principal 
bundle. Associated bundles generalise to the noncommutative setting as coinvariant sub- 
modules of free modules G ® V, where again G is a Hopf algebra, and V a vector space 
generalising the cotangent space. With such a description of a calculus it is possible to 
begin constructing Hodge *-operators using a generalisation of the approach in [T7J . 

In [ID] a quantum framed manifold description of the quantum projective spaces, en- 
dowed with the first order Heckenberger-Kolb calculus, was given. This generalised the 
quantum framed manifold description of the quantum projective line (or Podles sphere), 
endowed with the Podles calculus, given in [37]. Moreover, it gave for the first time a 
description of the holomorphic and anti-holomorphic calculi of the quantum projective 
spaces as associated bundles. The goal of this paper is two fold: First it aims to extend 
the framed description of the one forms, to a framed description of the higher forms. 
Second, it seeks to build on this to produce a systematic frame bundle approach in which 
to understand the complex structure of the total calculi presented in [19] . 

What emerges naturally from this work is a noncommutative generalisation of the Kahler 
geometry of the quantum projective spaces. This will be thoroughly investigated in a 
sequel [H] in terms of a general theory of noncommutative Kahler structures. Pending 
this, we give a full presentation of the noncommutative Kahler geometry of the special 
case of the quantum projective line C^fCP 1 ]. 

The paper is organised as follows: Section 2 is preliminary. It introduces basic material 
about bicovariant differential calculi over Hopf algebras, quantum homogeneous bundles, 
and quantum framed manifolds. 

In Section 3 we recall the basic details of the quantum group C q [U]y], and present the 
coinvariant subalgebra C^CP^ 1 ] = C q [U N ] c ^ u ^ c ^ u ^ . 

We construct a novel classical dimension calculus for C q \U^\ in Section 4, and describe 
the calculus that it induces by restriction on C q [CP N ~ l \. 

In Section 5 we extend a result in |37] , to give a framing for any tensor power of a calculus 
on the base of a quantum homogeneous bundle (subject to a mild condition that we call 
right- absorbing). The framing (and the required condition) are well explored through 
examples. 

In Section 6 we generalise the Woronowicz exterior algebra construction so as to apply it 
to our new calculus on C g [C/jv]- The resulting graded algebra is shown to have classical 
dimension. The induced higher forms for each quantum projective space are then framed 
as associated bundles using a new general result. Moreover, using an adaptation of 
Woronowicz's method, we introduce an exterior derivative for the exterior algebra of 
CJCF*- 1 ]. 

The heart of the paper is found in Secton 7. Here we introduce our notion of almost- 
complex structure, and integrability. We then give a succinct set of easily verifiable 
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criteria for a general quantum homogeneous base calculus to have such a structure. 
In the case that it does, a description of each module of (p, q)-forms as an associated 
bundle is produced. Applying this result to the quantum projective spaces yields a direct 
deformation of the complex structure of the classical projective spaces. 

In the final section, Section 8, we fully explore the Kahler geometry of the calculus on 
the quantum projective line C g [CP 1 ]. This yields a noncommutative generalisation of 
the Kahler identities for CP 1 . 

1 would like to Edwin Beggs and Paul Smith for generously sharing with me a copy 
of their comprehensive preprint [1] on noncommutative complex differential geometry. 
Moreover, I would to acknowledge that it is from here that I take my definition of an 
integrable almost-complex structure. 

2 Preliminaries 

In this section we fix notation and recall the definitions, constructions, and results that 
will be used later on. References are provided where proofs or basic details are omitted. 

Let A be an algebra. (In what follows all algebras are assumed to be unital.) A first- 
order differential calculus over A is a pair (fi^d), where Q 1 is an A-A-bimodule and 
d : A — >• Q 1 is a linear map for which holds the Leibniz rule 

d(ab) = a(db) + (da)b, (a, b, € A), 

and for which S7 1 = span c {ad6 | a, b € A}. We call an element of CI 1 (A) a 1-form. The 
universal first-order differential calculus over A is the pair (Q^A) , d u ) , where ^(^4) is 
the kernel of the product map m : A ® A — > A endowed with the obvious bimodule 
structure, and d u is defined by 

d u : A ->• Q 1 (A), o4l®a-o®l. (1) 

It is not difficult to show that every calculus over A is of the form (p^(A)/N, proj od u ), 
where N is a sub-bimodule of Q^(A), and proj : Cl^A) — > Q^(A)/N is the canonical 
projection. 

Let H be a Hopf algebra with comultiplication Ah, counit en, antipode Sh, unit 1#, and 
multiplication ran (where no confusion arises we will usually omit explicit reference to 
H when denoting these operators). A differential calculus ^(A) over a left i?-comodule 
A is said to be left-covariant if there exists a left-coaction : ^(A) — > H <g> ft 1 (A) 
such that 

A L (ad6) = A L (a)(id ® d)A L (6), (a, b £ A). 

A calculus over a right P-comodule is said to be right- covaraint if there exists an 
analagous right-coaction Ar. A calculus over a //-bicomodule that is both left and 
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right-covariant is said to be bicovariant if (id ® Ar) o Ai = (Al ® id) o Ar. The left- 
covariant differential calculi over H were classified in [39] as follows: Consider the linear 
isomorphism 

s : H ® H —?■ H ® H, a ® b \-> aS{b^) ® 6( 2 )> 

with inverse 

s~ l : H (g> H ^ H <g) H, a ® 6 h4 afe^) ® 6( 2 ) . 

The restriction of s -1 to the universal calculus 0*(P) is a linear isomorphism 

s- 1 : nl{H) ^ H ® H + , (2) 

where P + = ker(e) denotes the augmentation ideal of P. Now for any right ideal Ih 
of H + , it can be shown that s(H <g> Ih) is a sub-bimodule of ^(P) for which the 
corresponding calculus fi^P) is left-covariant. Moreover, it can be shown that every 
left-covariant calculus arises in this way. This correspondence is bijective, meaning that 
the left-covariant calculi over P are classified by the right ideals of H + . If we denote 
A^- = H + /Ih, then it is clear that s descends to an isomorphism between H ® A. H 
and ^(P). In what follows we will drop any explicit reference to s and tacitly identify 
these two spaces. Building upon the classification of left-covariant calculi, it can be 
shown that bicovariant calculi are in bijective correspondence with the Ad^-stable right 
ideals of P + , that is, right ideals Ih such that Ad/j(p/) C Ih <8> H, where as usual 
Ad R (h) = h {2) ® S(h m )h {3) , for heH. 

For a right i?-comodule V with coaction Ar, we say that an element v € V is coinvariant 
if Ar(v) = v ® 1, we denote the subspace of all coinvariant elements by V H , and call 
it the coinvariant subspace of the coaction. (We define coinvariant subspace of a left- 
coaction analagously.) For Hopf algebras G, H, a homogeneous right i?-coaction on G is 
a coaction of the form (id ® ir) o A, where tt : G — > H is a surjective Hopf algebra map. 
We call the coinvariant subalgebra of such a coaction a quantum homogeneous space. 

An associated bundle to a quantum homogeneous space tt : G — > iJ is a coinvariant 
subalgebra of the form 8 = {G ® V) H , where V is a i/-comodule and G (g) V is equipped 
with the tensor product coaction. We say that an algebra M, endowed with a differential 
calculus Q X (M), is a quantum homogeneous framed manifold if it is the base of a quantum 
homogeneous bundle tt : G — > -ff such that 1 (G) induces Q 1 (M) by restriction, and 
Q 1 (M) is isomorphic to an associated bundle of tt : G — >• H. We call such an isomorphism 
a framing. For a right -ff-comodule V, a soldering form is a map 6 : V — >■ Pfi 1 (M) for 
which the induced left M-module map 

s : (P® V) H Pfi^M), p®v^p6l(v), 

is a framing. In general it is not clear how to find a framing, or even if one exists. 
However, in the case of a quantum homogeneous space we have the following theorem: 
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Theorem 2.1 \37$ For any quantum homogeneous bundle it : G — > H with base space 
M , for which the vector space V M = (G + n M)/(I G n M) has a well-defined right H- 
comodule structure given by 

A M (v)=v^®S(ir(v {1) )), (veG+DM) (3) 

Then a soldering form is given by 

9(v) = S(v (1) )dv m . (4) 

In what follows, we will usually denote M + = G + n M and Im = I C\ M. Moreover, we 
define the dimension of J7 1 (M) to be the dimension of Vm- 

We now come to noncommutative higher differential forms: For G an additive group, 
a G-graded algebra is an algebra of the form A = Q) ge Q A 9 , where each A 9 is a linear 
subspace of A, and A 9 A$ C for all g,f £ G. If a G A 9 , then we say that a is of 

degree g. A homogenous mapping of degree f on A to itself is a linear mapping h : A — >• A 
such that if a £ A 5 , then h(a) £ A 9+ f . For G = No, a graded derivation d on ^4 is a 
homogenous mapping of degree 1 such that 

d(ab) = d{a)b + {-l) n adb, 

for all a £ A n , and 6 £ A. A pair (O, d) is a differential algebra if fi is an No-graded 
algebra and d is a graded derivation on Q such that d 2 = 0. The operator <i is called the 
differential of the algebra. 

Definition 2.2. A differential calculus over an algebra ^4 is a differential algebra (f2, d), 
such that S7° = A, and 

O n = (i(fi™- 1 )e^(i(^ 1 ), n>l. (5) 

If (Q(A),d) is a differential calculus over a *-algebra A such that the involution of A 
extends to an involutive conjugate- linear map * on Q, for which d(u}*) = (dw)*, for all 
uj £ O. If it holds that 

(w^)* = (-1)^*0;;, for all w p £ fF, w g £ O 9 , 

then we say that (0,d) is a differential *-calculus. 

Classically the higher forms are constructed from the one-forms using the flip operator. 
However, for modules over noncommutative rings the flip operator is no longer guaran- 
teed to be well-defined as a module map. Thus a more general procedure is required. 
One such procedure is the Woronowicz exterior algebra construction: For a Hopf alge- 
bra G, let M.g be its category of right G-modules, endowed with its usual monoidal 
structure. (See [Ml ES [36] for details on monoidal categories.) For an object V £ M.g, 
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a braiding (or Yang-Baxter operator) for V is an isomorphism X^X^X&X such 
that ^ satisfies the braid relation: 

® id) o (id o *) o (* (gi id) = (id o *) o <g) id) o (* ® id). (6) 

Let Sfc be the group of permutations on fc-objects considered as on acting on {1,2,..., k}. 
Moreover, for a < k, we denote by t a € S k the adjacent transposition that interchanges 
a and a + 1. Let us associate to i a the morphism 

$ fc = id^ a " 1 ) ®f ®id 0(fe ~ a) . 

Recall now that every element tt £ Sk can be expressed as a product of adjacent trans- 
positions t ai ■ ■ -ta^y where £(tt) is the length of the permutation it. This gives us a 
morphism 11^ = • • • ^a t M f° r each ir, which the braid relation tells us is independent 
of the choice of expression of tt. From here can define the braided k-antisymmetriser to 
be the bimodule map 

Aq, tk ■ A| fc ->• A§ fe , uii ® • • • <g> u k h-> ^ sgn(p)n p wi ® • • • ® oj k , 

pes fe 

where sgn(p) is the sign of the permutation p. Since the kernel of A^^ is clearly a 
right submodule of V® k , the quotient V k = V® k /ker(Aq,^) is well-defined as a right 
module. Moreover, using elementary permutation theory arguments, it can be shown 
that ©gijA^k is a right submodule of ©jg^V®*. Thus, 

(Bi* =l v k = e^i^VMA^) 

is well-defined as an algebra. We call it the exterior algebra ofV corresponding to 

It is not difficult to see that the above construction works just as well for qAA. the 
category of right G-modules, or g-^g the category of G-bimodules. 

Recall that a right G-crossed module V, is a right G-module, and a right G-comodulc, 
such that 

("(o)^(i))®«(i)f(2) = N(i))(o) ®9(2)(vg(i))(i), v e V, geG. 

A very important fact is that for every crossed module V the map 

* : V <S)V ->■ F <g> V, u ® w i-> iO(o) <8> v < 

is a braiding for V. Moreover, in addition to being a right module map, it is also a right 
comodule map (that is to say it is a morphism in the category M. G ' whose objects are right 
modules and right comodules). Now when A G is the cotangent space of a bicovariant 
calculus, it has a natural right G-coaction induced by Ad.R. Taken in conjunction with its 
natural right G-action, this gives A G the sructure of a right G-crossed module. We call 
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the corresponding braiding for Aq the bicovariant braiding. Moreover, ^ also induces a 
braiding for the corresponding calulus G ® Aq : it is given by 

where we have tacitly used the isomorphism between J1 1 (G)® 2 and G (g> A^ 2 . Denoting 
the corresponding exterior algebras of Aq and ri 1 (G) by Aq and $7*(G) respectively, it 
is easy to see that G <S> A G is isomorphic to Q'(G). 

3 The Quantum Projective Spaces 

For q € (0,1] and v = q — q^ 1 , let C g [Mjv] be the quotient of the free algebra 
C (^u l j, | i, j = 1, . . . , by the ideal generated by the elements 

qu{u{, (1 < i < k < N); 

vu\u), (1 <i < k < N, l<j<l<N). 

We can put a bialgebra structure on C q \M^\ by introducing a coproduct A and counit e 
that act according to A(u*-) = X^=i ^fc®^) anc ^ e (' u j') = The quantum determinant 
of CJMtv] is the element 

de ^ = E. eSjv (-^ w <i)< 2 )---<^)' 

with summation taken over all permutations it of N elements, and £(tt) the length 
of 7r. As is well-known, det^v is a central and grouplike element of the bialgebra. The 
centrality of detAr makes it easy to adjoin an inverse det^ 1 . We extend A and e by setting 
A(det^) = det^ 1 <g> det^ 1 , and e(det^ r 1 ) = 1, and denote the new bialgebra by C q [GL^\. 
If we assume that q is real, then we can endow C q [GLj\[] with a *-algebra structure by 
defining 

(det^ 1 )* = detjr, = (^E^H^A ' - u fcx)' 

where {fej, . . . , fc/v-i} = {1, . . . , iV}\{i} and . . . , l N -i} = {1, • • • , N}\{j} as or- 
dered sets. Moreover, we can give C q [GL]y} a Hopf *-algebra structure by setting 
S^det^r 1 ) = detAr, and S(uj) = det A ) 1 (n^)*. We denote this Hopf *-algebra by C 9 [[/#•]. 
For N = 1, we get the Hopf algebra C[f7i], where it is usual to denote u\ = t, and 
det^ 1 = t -1 . If we quotient C g [[/Ar] by the ideal (detAr —1), then the resulting algebra is 
again a Hopf *-algebra. We denote it by C g [5L0v]. For N = 2, we get the well-known 
algebra C q [SU2]. We usually denote its four generators by a = u\, b = u\, c = u 2 , d = u\. 

3.1 The Quantum Projective Spaces 

We are now ready to introduce the quantum projective spaces, which are specific ex- 
amples of quantum flag manifolds. We use a description, introduced in [38J, that 



u)u)-qu)u% 
u)uf - u)uf, 
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presents quantum projective TV-space as a coinvariant subalgebra of C q [U]y] for a right 
C 9 [i7i] ® C 9 [£7jv-i]-coaction. This subalgebra is a (/-deformation of the coordinate alge- 
bra of the complex manifold Un /{U\ x C/jv-i)- Recall that classically CP^ 1 is isomor- 
phic to Un/{U\ x Un-i)- 

Definition 3.1. Let a : C 9 [L0v] ~~ * C g [?7jv-i] be the unique Hopf algebra map for which 
ak(Uj) = u^~fc> if hj > 1) an d Q!fc(«*-) = 5ijl otherwise. Moreover, let a : C g [£/jv] — >■ 
C q [Ux] be the unique Hopf algebra map for which = u*-, if i, j < iV, and ak(u l j) = 

Sijl otherwise. Using these two maps, define a homogeneous right C g [t/i] ® C 9 [L0v-i]- 
coaction Ajj Nta on C g [t/jv] by 

&u N ,a = (id ® a ® a) o (A ® A) o A. (7) 

Quantum projective N -space CqfCP^ -1 ] is defined to be the coinvariant subalgebra of 
At/jv.o, that is, 

C^CP^- 1 ] = {/ € CJC/jv] I Au N ,a(f) = f ® !}• 

With a view to finding a set of generators for C 9 [CP^ _1 ], consider the elements £y = 
u\S(Uj), for i,j = 1,...,N. Acting on by At^ )Q gives 

N 

Au Na {zij) = A Un *{u\S{u})) = < S ( u j) ® o«5(«5)) (8) a(^S(nJ)) 

a,6,c,d=l 
iV 

= £ <S(4) ® a(«J5(uJ)) ® aK^K)) 

a,c(=l 

= u\S(u\)®a(u\S(ul))®l 
= u\S(u\) ® 1 ® 1. 

Thus, Zjj € CqfCP^ -1 ], for all i,jf = 1, . . . , N. To show that the Zi« actually generate 
Gq[CP N ~ 1 \ is more difficult, and requires some representation. We refer the intersted 
reader to [281133]. 

As one would expect, the definition of C q [CP N ~ l ] given here is equivalent to the one 
used in [3D]. There CgfCP^ -1 ] was presented as an invariant subspace of C 9 [5L0v]- For 
a discussion of the relationship between the different constructions see [38] . 

4 A Differential Structure for the Quantum Projective Bun- 
dles 

In this section we introduce a a differential structure for the quantum homogeneous 
bundle a : C g [[/jv] — > C q [Ui] ® C g [t/jv-i]. We describe the parallelizable calculi on total 
space Cg[[//v]in terms generators and relations, and give explicit formulae for the right 
action of the generators of each algebra. 
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4.1 A Left Covariant First Order Differential Calculus for C q [U 



N 



We will now introduce a bicovariant differential calculus for 0,1(Un) that will be central 
in our later work. It is different from the standard bicovariant calculus on Cq[[/Ar] 
discussed in [3D], as we shall see below. 

Proposition 4.1 Denote by ^(C/jv) the left- covariant calculus on C ? [£7jv] correspond- 
ing to the right ideal Ijj n generated by the elements, for i,j,k,l = l,...,N;i^j,k^ I, 

u)uf, u?(«j - 1), («j - l)(u k k - 1), uf (det^ 1 -1), («j - l)(det^ -1). (8) 



T7te cotangent space Ajj N = C q [UN] + / Ijj n of VL l {Ujq) has a basis = Uj — oV,-, /or 
i, j = 1, . . . , N, and right module relations 

e ij u l = u l e ii u l = u l^ii) * 7^ J- (9) 

Proof. Let A— be an ./V 2 -dimensional vector space with basis {ejj}f^ =1 , and a right 
C g [[/^-action < given by, for i,j,k,l = l,--- ,N;k^l, 

eij < = 0, ejj < u^j = ejj, e^j < det^y = ejj. 

We will establish the proposition by constructing a right C g [£/Ar]-module isomorphism 
from C q [UN] + / 1 to A^ : Consider the following basis of C q [M^] 

N N N 

{II (II ) ( II ) ( det *)*° I %>**>*0 6 N } 
1=1 j=l k=l 

(For a proof that this is indeed a basis see [32] .) This gives a natural basis for 
CqfMTv] <8> C[det^] (where we have not yet assumed the relation detAr det^r = 1.) Define 
a map 93 : C 9 [Mtv] <g> C[det^] — > A- by setting, for j 7^ j, 

AT AT , N 



tp(u) f[( u k) tk ) = eij, y>(det*) = ^e fcfc , p(l) = - ^e fcfc , 
fe=i 

defining recursively 

= e u + p(l), y(uj n^)* fc ) = e ^ + PCJW)' 



2 

fc=i fc=i fc=i 



Af N 



k=i k=i 



and finally sending all other basis elements to zero. That ip descends to a map from 
C q [U]sr] to V follows from the fact that 



N N N N 



9?(detAr det* -1) = ^((Q u\) det* N ) - ^ en = en - e« = 0. 



i=l i=l j=l i=l 
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Let us now show that ip(I) = 0: That ip(ujuff) = 0, for all / £ CgfC/jv] is clear from 
the definition of tp. That <p{{u\ — l)uf) = follows from 

¥>(«?(«! ~ 1)) = y(«NI) - v( u l) = e fc* - e ^ = 0. 

An analagous calculation will establish that (p{u k {u\ — l)ug) = 0, for all p, q = 1, . . . , N, 
implying that <p((u\ - l)u k /) = 0, for all / € C,[C/jv]. That <p((u\ - - 1)) = 

follows from 

" 1)H " !)) = " ~ + ^(!) 

= en + ejj + 93(1) - ejj - </?(l) - ejj - ip(l) + 93(1) 
= 0. 

Again an analagous calculation will establish that tp((u\ — — = 0, for all 

p,q=l,...,N, implying that <p((u\ - l)(«j - 1)/) = 0, for all / € C,[Z7jv]. Finally, 
form the definition of <p, it is obvious that (det^jy —1)/ is contained in ker(c^), for all 
/ G C g [L0v]- This gives us that I C ker(<£>), and so, the dimension of C q [UN] + /I must 
be greater than or equal to A 2 . Howeve r, it is c lear from the given generators of /, that 
C q [UN] + /I is spanned by the elements — Sij, and so, must have dimension less than 
or equal to A 2 . We can conclude that A- and C q [UN] + /I are isomorphic as vector 
spaces. One shows that the two are isomorphic as right CgfCjvJ-modules by comparing 
the right actions of the generators of C q [Un] on the basis of each space. This is trivial 
except for the case of u k acting on u 1 -. For i ^ j, we have 

<p(u) < u\) = tp(u)u\) = e i:j = dj <u k k = <p(u)) < u k k , 

as required. It is similarily shown that (p(u\<u^.) = ip(ul)<u k . The right module relations 
of the calculus now follow directly: For example 

N 
a=l 

□ 

Let us now calculate the action of the exterior derivative on the generators of C q [U m] '■ 

1 N 

d(det^) = det^f <g> det* N — det* N <8>1 = det^r <S>det^y — 1 = - det^r e^k- 

k=i 

and 

N N 

du) = (J2 4 ® u k ) - u) ® 1 = u Wi- 
k=l k=l 
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We now give explicit relations for the right action of the generators on the exterior 
derivative of the generators: 

N N N 

k,l=l k,l=l k,l,m=l 



4.2 The Induced Calculus on C q [CP N ~ 1 } 

We would now like to use Theorem 12.11 to describe the calculus induced on CgfCP^ 1 ] 
by restriction. We begin by establishing a useful lemma: 

Lemma 4.2 In Ajj , it holds that 



Moreover, for i ^ j, it also holds that 

v<S(u)) = 0, v<S(ul)=v, v € C q [U N } + . 

Proof. For i ^ j, and the ordered sets {k±, . . . , kjy-i} = {1, . . . , -/V}\{j}, and {1%, . . . , Zjv-i} 
{1, . . . , iV}\{i}, we have 

Now for any tt E Sn-i, such that k m ^ 7r(Z m ), for more than one m = 1, . . . , N — 1, it 
must hold that 



ki ^Ai2 u^^ 1 — 

T('l) t('2) ^(ijv-i) _ 



The only permutation for which this does not happen is tt^ = (i, i + 1) • • • (J — 2,j — 1). 
Thus, we have that 



{-q) i -i{-q)\ i -i\- { vF 1 ~ ,u k2 nV -- u N -' .det^ 1 

(_ g )i-i(_g)|i-i|-l^T = ( _ g) i-i(_ g) N-i|-l e ... 



We now turn to the action of S{u 3 -) on e^: For the ordered sets . . . , fc/v-l} 
{l,...,iV}\{s}, and {h,...,l N ^} = {l,...,N}\{r}, we have 
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Now for any ir € SV-i, such that k m ^ n(l m ), for any m = 1, . . . , N — 1, it must hold 
that 

If r ^ s, then there is no permutation for which this does not happen, and so, we get 
eij < S(Ug) = 0. For r = s, the identity is the only permutation for which this not occur. 
Thus, 

e l3 < S(u r r ) = (- g )—(- g o )e .. < (u £ . . . ujj-xj = 

□ 

Let us now find a basis for V CP ^-i = C q [CP N ~ 1 ] + / {I Un n C^CP^- 1 ]): 

Lemma 4.3 TTie sei {^il, £iJ | i = 1, ... , iV} forms a basis for V cp n-i of dimension 
2(N - 1). 

Proof. The proof here is routine: One identifies V cp n-i with its canonical image in 
AL , and then uses the previous lemma to show that za = ef , that = e~ , and z[j = 
for i, j > r. It remains to show that en, en £ Vcpjv-i, for k,l ^ 1: From the proof of 
Proposition 14. H is clear that 

AT N 

z u -l = u\S(u{) -l=)eu-} j eg = 0. 

i=l i=l 

That z^y = u^5(uj) = 0, for all i,j > 2, follows from the lemma above. The fact that 
the subspace spanned by the elements en, en, for i = 1, . . . , N, is closed under the right 
action of CgfC-P^ -1 ], now implies that it is equal to V cp n-i. □ 

As an easy corollarly we get: 

Corollary 4.4 It holds that I cp n-i is generated as a right ideal of C g [CP N ~ 1 ] + by the 

elements, for i ^ j,k ^ l,r ^ s, 

2ii-l; ZijZki, i,j,k,l = l,...,N; z rs , r,s>2. (10) 

Let us now show that the coaction A cp jv-i is well-defined on V C pjv-i. 
Lemma 4.5 It holds that A C pjv-i is well-defined on V cp n-i 

Proof. We need to show that A C pjv-i carries each of the generators of I cp n-i given 
in (fTU|) into I cp n-i ® C 9 [L0v-i] ® C 9 [l]. Let us look at z rs , for r, s > 2: 

N 

A cpN ^(z rs ) = A CP *-i(uIS(uJ)) = u\S(ul)^S(a(u a b S(u c d )))^a(u r a S(u d s )). 

a,b,c,d=l 



13 



Now when a = 1, or d = 1, we have a^u^S^u^)) = 0, and so, we must have that 
A CP N-i(z rs ) is contained in I cp n-i <g> C q [U]y-i] <g> C 9 [l]. 

That the same holds true for the other generators is similarily established. □ 

Let us now look at the framing of f^C-P^ -1 ) given by Theorem 12.11 Explicitly, the 
action of the soldering form 9 on the basis elements just produced is given by 

N N 



o(<?®d)(£ 4S(u[)® ulSiuj)) = £ q 2 ^ U [S(ul)dz kl ; (11) 
k,l=l k,l=l 
N N 

9(zjl) =mo(S®d)(^ ulS(4) ® u\S{u})) = £ ^-^(u^d^. (12) 



fej=l fc,Z=l 



We defer deriving explicit formulae for the action of the exterior derivative to the section 
discussing complex structures. 



5 Framing the Tensor Powers of A Base Space Calculus 

In this section we will construct a framing for tensor powers of the base space calculus 
of a quantum homogeneous bundle. This tool will be of central importance in later 
sections. We begin by introducing a natural condition required for our framing result to 
work: Let ir : G — > H be a quantum homogeneous bundle with base space M, and let 
1 (G) be a calculus on G with cotangent space Aq. Considering Vm as embedded in 
Ajk, we say that the restriction of ^(G) to M is right-absorbing if VmG C Vm We will 
now look at some standard examples and test whether they are right-absorbing or not. 

Example 5.1. We begin with the bundle (C q [SU N ], S 2N - 1 , I S u N ) described in @Q|. 
Since Ag v = V S 2n~i it is clear that the bundle is right absorbing. 

For the quantum (N — l)-complex projective bundle (SUn, CJCP^ -1 ], Isu n ) a l so de- 
scribed in [30], we have 

ker(a]v) = span c {e^~, e~\i = 1, . . . , N} = V C pjv-i. 

Thus, this bundle is also right-absorbing. The same is true for CgfCP^ -1 ] presented as 
the base of the the bundle a ® a : C q [Un] — > C q [Ui] <S> C q [UN-i], with respect to the 
differential calculus introduced above. 

It is easy to show that the differential structures induced on the bundles qat : C q [SU]y] — >• 
C g [C/jv_i], and /3n '■ C g [i?Z7jv] — > C q [SUjsr-i], are also right-absorbing. 
To find an example where the condition does not hold, we turn to the universal calculus 
for the quantum (2iV — l)-sphere C g [S' 2Ar_1 ]. A routine investigation will show that it 
is not right absorbing. 

With the notion of right-absorbing in hand, we are now ready to prove the promised 
framing result. 
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Theorem 5.2 Let tt : G — >■ H be a right-absorbing quantum homogeneous bundle sat- 
isfying the properties of Theorem \2.1[ The right H-comodule (Vm)^ , with the tensor 
product coaction Afj^ , frames the tensor product (Q 1 (M))® k . 

Proof. Consider the map 

sg, k ■= s 9 ® (0® k ~ l ) : G® (A G )® k -> (fl^G))® *, 

and note that it acts according to 

/ <8 W <8> • • • (8) Vk i-> /(«i)(i)d(wi)( 2 ) ®g ■ ■ ■ <8>G (ufc)(i)d(u fc )(2). 

This map is an isomorphism, as we will show by constructing its inverse: Since every 
element of (G<8>A G )® Gfe can be written in the form (/ (S)W[)®g(1®V(2))®G- • -®G(^®Vk), 
for some unique / G G, Vi G G, i = 1, . . . , A;, we have a canonical isomorphism 

c: (G®A G )® Gk ^G<8(A G )® fc . 

Composing this map with (s^" : 1 (G)® Gfe -> (G <8 A^)® ^ gives a map from 
f2 1 (G)® Gfc to G £8 (A G )® fe , which is easily seen to act as an inverse to sg^. Moreover, if 
we endow Q 1 (G)® cfc with the tensor product coaction A^ fc , and G <8 (A G )® k with the 
tensor product coaction Ac i7r <8> (Ad#)® fc , then sg^ is a right ff-comodule map. 

Now as a little careful thought will confirm, the image of (0 1 (M))® fc in (Q 1 (G))® Gk is 
equal to (Jl^M))®** (note that we have one tensor product over M and another over 
G). Moreover, if we endow G ® V^ fe with the tensor product Ag i7T (g> (Ajw), then since 
A M is equal to the restriction of Ad R to M+, the embedding G ® V^* ^ G ® (A G )® fe 
is a right ff-comodule map. 

Now for the theorem to be true, the image of £l x {M)® Mk in U 1 (G) <8 ° k must lie in the 
image G®V® k \nG®{A G )® k . To see that this is so, consider the general element 

m dmi ®a~'®G dmfc G (Q}{M))® k . 

Its image under Sk is given by 

c((m (mi)(i) <8 (m 1 ) (2 )) ®g ■ ■ ■ ®g («■**) (i) ® ( m fc)(2))- 

Since A(m) G G (g> M, for all m G M, and Vm is closed under the right action of G, it 

is clear that Sk(modmi ®g • • • ®G dm^) is contained in G <8 V 7 ^. 

For the sake of clarity, we present these facts in the following commutative diagram: 

(n 1 (G) 9 ° k , A% k ) - (G <8 (A G )® k , A n <g) A% k ) 

(0 1 (M)® Affe , A id ) ((G ® vg fc )* A w ® A® fc ), 
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where Ay is the trivial coaction that acts as A-^uj) = u (g) 1, for all ui € (p, 1 (M))® Mk . 
It is is clear that the image of £l l (M)® Mk under s^ 1 is coinvariant under the coaction 
A|^\ Thus, to show that the result is true, it remains to show that every element of 
G (g> V® k ) coinvariant under A^ ® A|^ is contained in the image of fi 1 (M)®«* under 
s^ 1 . To this end, consider the element 

i 

Its image under is given by 

in 

r( m i)(i) d ( m i)(2) ®G ■ ■ ■ ®g Kfc)(i)d(ml) (2) 

i 

Since fi 1 (M)G C GJ2 1 (M), it is clear that this is contained in G0 1 (M)® G - ■ -^^(M). 
Moreover, since it is the image of an element coinvariant under A n CED A|^, it must lie in 

n 1 (M)® G ---® G n 1 (M). " □ 

Example 5.3. Woronowicz's well-known 3D calculus |49j over C q [SU{2)] corresponds 
to the the ideal generated by the elements 

a + q~ 2 d- (l + q~ 2 ), be, b 2 , c 2 , (a - 1)6, (a - l)c. 

Its module of left-invariant forms has a basis e° = u\ — 1, e + = u 2 , e~ = u\, and V^pi = 
span c {e + , e - }. It is easily seen to be right-absorbing. 

For the framing, we first we note that 

{V cp n-i)® 2 = span c {e ± <g> e ± , e ± <g> e T }. 

It is easy to see that 

A C pi,2(e ± <8> e ± ) = e ± ® e ± ® t T , A CP i i2 (e ± <g> e T ) = e ± ® e T ® 1. 

Thus we have 

(Oi(M))® 2 ~f 2 ® {M + ) m ® 6-2- 

□ 



It is natural to ask if the right-absorbing condition is neccessary for the framing result 
to hold. However, it is quite easy to see that it is: The image of du\ ®du k ) under sq^ ls 
given by u\ui <g> u\uf <8> u[. Clearly this is not contained in C q [SUpf] g> (C g [S 2N ~ l ] + )® k . 

Now while s k ((n 1 (M))^ Mk ) is not contained in G®V§ k , it is contained in G0ker(vf)® fc (g) 
Vm (this follows from the fact that GCl 1 (M)G = ker(ver)). Thus, one might ask if 
ker(vf)® fc ® Vm, with the right coaction Ad^ {fc_1) (g> A M , frames {p}(M))® Mk . The 
following example shows that this is not the case: 
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Example 5.4. Consider the surjective Hopf algebra map 7 at : C q [SU]y] — > C[Ui] by 
setting 7at(i4) = t~ l ; Jn{uI) = 1, for k = 2,. . . , N — 1; jn(un) = ari( ^ 1n{^)) = 0, for 
i,j = l,...,N, and i / j. We denote the associated right C 9 [£/i]-coaction by A[/(jv),7 N - 
We call the base space the quantum complex (N,N — 1)-Stiefel manifold and denote it 
by CyS^'^ -1 ] (see [3] for further details on general quantum Steifel manifolds). 

For N > 4, routine calculation will show that, with p ^ q, and p, g = 2, . . . , N — 1, we 
have 

u l N ® uf ® G (ker( 7iV ))® 2 ® (C^"'*" 1 ]). 
Moreover, it is easy to show that 

Aff ® «f ® «j) = ® «f ® «g ® 1, 

giving us that 

1 ® «jv ® uf ® € (CJC/tv] ® (ker( 7JV ))® 2 ® (CJS^" 1 ]))^ . 
However, as is easy to see, 

s ® ( Se ) 02 (i ® njv ® < ® ug) i (nKs^- 1 ))® 2 . 

Thus, (fii (5^-1))®* is not framed by (ker( 7JV ))® fc-1 ® M+. □ 

6 Woronowicz Braidings, Exterior Algebras, and Framings 

We would now like to construct an exterior algebra for Q^(Un) using Woronowicz's 
braiding approach, as discussed in the introduction. Since Q^Un) is not bicovariant, it 
is not immediately clear that there exists a natural braiding for us to use. However, as 
we will see below, the construction of the bicovariant braiding can be applied to a more 
general type of calculus. Moreover, the braiding produced commutes with the framing 
coaction. Crucially, this generalsied construction can be successfully applied to Q, 1 (Un). 

6.1 Woronowicz Braidings 

Let G be a Hopf algebra, Iq a right ideal of G + , and = G + /Iq the cotangent space 
of the corresponding calculus. Denoting the space of linear endomorphisms of A^. by 
End(A(j), we have a map 

< : G -> End(A^), g -> < g, 

where < g acts on A G in the obvious way. Now if it holds that 

(id ® <) o Ad R (I G ) C I G ® G + ® ker(<), (13) 
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then we have a well-defined linear map 



: Aq ® -> ® Aq, v <g> u; ->■ itJ(5J (8) W < . (14) 

Moreover, since $ is clearly induced on A^, (g> Ag by the bicovariant braiding for the 
universal calculus, it will commute with the right action of G, and satisfy the braid 
relation. Thus, we can use it to construct an exterior algebra for G. This motivates the 
following definition: 

Definition 6.1. Let G be a Hopf algebra, and a left-covariant calculus for G with 

corresponding right ideal Iq. If (|13p holds, then we call the braiding defined by (|14p 
the Woronowicz braiding of Q 1 (G). Moreover, we say that admits a Woronowicz 

braiding. 

6.2 Woronowicz Braidings and Framings 

Since A(M) C G ® M, we have 

Ad R (u) = U(2) ® vr(5 , (u (1) ))7r(w( 3) ) = v {2 ) ® tt{S{v {1) )). 

Thus, Am coincides with Ad# on M + . Moreover, if is the bicovariant braiding for 
the universal calculus, then 

(* u ®id)oA® 2 = A® 2 of u . (15) 

Now take a non-universal calculus on G with cotangent space Aq, admitting a Woronow- 
icz braiding and for which Am(Im) Q Im <8> -H". Since \£ is induced on A^ <S> Aq by 
* u , it follows from (USD that (id ® \P) o Afj 2 = Af 2 o ^. This in turn gives implies that 

((* + id) ® id) o A® 2 = Af/ o (tf + id). 

Thus, we see that (Am) 8 * induces a well-defined map on the quotient V M = (Vm) /ker^^j,). 
This is obviously an important property since will usually be a much simpler object 
than V^ k . We collect these facts in the following lemma: 

Lemma 6.2 Let fi 1 (G) be a left-covariant calculus on a Hopf algebra G with corre- 
sponding right ideal Lq, admitting a Woronowicz braiding ^ . Moreover, let M be the 
base of a quantum G -homogeneous space ir : G — > H , for which Am(Im) Q Im®H. The 
coaction (Am)®* induces a well-defined H-coaction on V M = (V&r) /ker^^fc). 

6.3 Total Differential Calculi 

What we lack for a total differential calculus is an exterior derivative. The following 
lemma shows that one exists and that it is neccessarily unique. The proof used is a 
variation on the original proof of Woronowicz [49j . We note that in general it cannot be 
used to show that the exterior algebra of Q l (G) admits an exterior derivative. 
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Lemma 6.3 Let G be Hopf algebra, and (£l l (G),d) a first- order left-covariant calculus 
for G which admits a Woronowicz braiding Moreover, let ir : G — > H , be a quantum 
homogeneous space with coinvariant subspace M . Denoting the exterior algebra extending 
1 (M) by Q'(M), there exists a unique extension of d to a linear map on Q'(M) such 
that (f2 1 (M),d) is a total differential calculus. 

Proof. Let CX be the one-dimensional complex vector space spanned by X, and denote 

Vm = V M © CX. 

We extend the G- module structure of Vm , to a G- module structure of Vm , by setting 
(v + XX)g = v<g + Xe(g)X + (g-s(g)), g G G, A e C. (16) 

We extend the G-comodule structure of Vm, to a G-comodule structure of Vm, by setting 

v + XX i-> A M (v) + XX 1. 

It is easy to check that, with respect to these structures, Vm is a right crossed G-module. 
Corresponding to the extension of Vm, we also have an extension of (M): 

OHM) = (G ® Vm) h = (G ® (Vm X)) H 

= (G ® Vm) H e(G® X) H = n x (M) © (G ® X). 



From the definition of the module action in (|16p . we get that, for g E G, 

(1 <g> X)g = <8) e(g(2))X - g {1) <g> e(s>( 2 )) + ff(i) ® 5(2) 

= 5 ®X + 5(1) ® fl(2) - 5 <8)1 = 5®I + d 9 . (17) 

(From now on, by abuse of notation, we will write X for 1 <g> X.) From (|17j). it is easy 
to see that 

d<? = X 5 - ff X (18) 

Now since Vm is a crossed module, we have a braiding for it extending \F Moreover, 
Lemma [6.21 shows that it also induces a braiding for f2 1 (M). The corresponding exterior 
algebra clearly contains D,*(M). Moreover, it is easy to see that *S>(X <g) X) = X (g) X. 
This gives us that A 2 (X <g> X) = -X ®X + Xtg>X = 0, and so 

XAX = 0. (19) 

Let oj be an element of the exterior algebra extending 1 (M). We set da; = [X, cj] gra d, 
where [•, -]g ra d is the graded commutator 



[X, w] gra d 



X A oj — oj A X, for oj a form of even degree; 
X Aoj + oj A X, for oj a form of odd degree. 
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It is clear from (|18|) that d extends the first order exterior derivative of O (M). Moreover, 
for oj an even form, (|19j) implies that 

d(dw) = d(X Aw-wM)=lAlAw + lAwAl-lAwAl-wAlAl 

= XAXAw-wAlAl = 0. 

An exactly analagous calculation will establish that d 2 uj = 0, for uj an odd form. It is 
routine to verify that the other conditions for a differential calculus hold. 

To end the proof we have to show that du G fi*(M), for all u € J2*(Af). Clearly, we 
only need to verify this for the special case of ui = go&gi A • • • A dg k € ft k (M), for 
go, . . . ,g k € O fc (M), 1 < < iV. But this is obvious since 

d(ffod5i A • • • A dg k ) = dg A dpi A • • • A dg k 

Moreover, this also establishes the uniqueness of d. □ 

6.4 The Exterior Algebra of ftJ[E/"jv_i] 

We will now show that ^(Un) admits a Woronowicz braiding, and then use it to con- 
struct a total calculus. 

Lemma 6.4 The calculus Q^(Un) admits a Woronowicz braiding ty. In the correspond- 
ing exterior algebra, the subalgebra of relations between the left-invariant one-forms is 
the bi-ideal generated by the elements 

e-ij A e ki + e k i A e^, i, j, k, I = 1, . . . , N. (20) 

Proof. We need to show that Adu maps each of the generators of Ijj n given in (|8|) into 
Iq®G-\- Aq ® ker(<). For i ^ j, k ^ k, we have 

N N 

Ad R (u)4)= u b u d® S{u l a u k )u)uf = u >d® S{u k c )S{u l a )u)u d . 

a,b,c,d=l a,b,c,d=l 

When i = a,k = c,b = j,d = I, we get u l juf ® S(u l iaUk)u!ju\, which is contained in 
Iq ® G. Otherwise, u%u d ® S(u^)S(u l a )Ujuf is contained in ker(<). Thus, Adji(u l jU k ) 
is contained in Iq ® G + ® ker(o). That the same holds for the other generators is 
established similarily, showing that the calculus admits a Woronowicz braiding. 

The action of \E' on the element ® e k \ , for i ^ j,k ^ I is given by 

N 

*(etf ® e kl ) = *(u} ® uf ) = ^ < ® u} < 

o,6=l 

= uf ® < (5(iifc)n|) = uf ® = e fci ® e^. 
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For eij (8 e kk , the braiding acts as 



N 



^{e lj ® e kk ) = ® «* - 1) = ^ < 8) tt* < (S(u k a )u b k ) - 1 ® u*. 



o,6=l 



= uj| <8 uj < (S(u k k )u k k ) - 1 <8 u) = v% <8 u*. - 1 <8 uj 



= - 1 (8 it*. = e fc fc <8> ey- 



Similar calculations will show that 



*(e« <8 e fci ) = e fcZ (8) e&, 



*(e»i ®e tt ) = e fcA: (8 e«. 



The relations in (|20|) now follow directly. 

From this it is clear that a basis of Ajy is given by the set: 



□ 



{ e (ii,h) A • • • A e (ifeJfe) | (n, ji) < («2,J2) < • • • < (ikJk)} 



and so, the exterior algebra has classical dimension. 

As a quick test we look at the module Q n2 [Un] of top forms: It is easy to see that the 
framing shows it is isomorphic to C g [C/jv], as it should be. 

7 Complex Structures 

We now introduce the notion of an almost-complex structure for a calculus over a 
*-algebra. As one would expect, this generalises the classical notion of an almost-complex 
structure for a manifold. 

Definition 7.1. An almost- complex structure for a *-differential calculus £l*(A) over a 
*-algebra A, is a Z 2 -algebra grading 0( pg ) e z2 ^ p ' q \A) for fl'(A) such that 



We call the elements of ^ p ' q \A) the (p, q r )-forms. 

One would expect that there is a natural way for the exterior derivative to interact 
with the complex structure. For this we follow [I], and generalise the classical notion of 
integrability for an almost-complex structure. 



1. n*(A) = ® p+q=k nM(A) 

2. *(fi(P>9)(A)) C fi(w)(i4). 



Lemma 7.2 For an almost- complex structure (B(pq) 



, 2 o/ p ' 9 '(yl), f/ie two conditions 



1. d(0( 1 '°)(A)) C f]( 2 '°)(A) e^ (1,1) (^) 
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2. d^ - 1 )^)) c n^ 1 \A)®n^(A), 

are equivalent. If these conditions hold for an almost- complex structure, then we say that 
it is integrable. We will usually call an integrable almost- complex structure a complex 
structure. 

Proof. Let us prove that [T] implies [2j For uj G Q^ 0,1 \A), we have duj = (da;*)*. Now 
uj* G n( 1,Q )(A), and since we are assumingHJ this implies that duo* G QS 2 > q \A)®QS 1 > 1 \A). 
Consequently, (do;*)* G n^(A) © f^°' 2 )(,4), and so, [2] follows. The proof in other othe 
direction is exactly analagous. □ 

The following lemma shows some of the consequences of requiring integrability. More- 
over, it shows how our definition of complex structure relates to the one found in |25tl26|. 

Lemma 7.3 If @( p g ) £ z 2 ^ p,q \A) is a complex structure for a calculus 0,'(A), then 
©(pg)ez 2 ^ p ' q \A) has a double complex structure (d,d), defined by 

d(uj) = proj (p+lj9) (dM), 8(oj) = proj (P)g+1) (d(o;)), uj G O^(M), 

where proj( ob ) : Sl'(M) — > U^ a ' b >(M) is the projection onto Q^ a ' b \M). Moreover, 
d = d + d, and both d and d satisfy the graded Liebniz rule. 

Proof. We begin by proving that d = d + d: From ([5]), we have that any element of 
fl k (A) is a sum of elements of the form 

/ d/i A • • • A df k = f (dh + dfx) A • • • A (dfj. + 8f k ), fi G A. 

Since each £}( p ' q \A) is closed under multiplication by the zero form /o, every element 
of tt k (A) must be spanned by products of p elements of Q^'ty^A), and q elements of 
il( 0,1 )(j4), such that p + q = k. The properties of a Z 2 -algebra grading then imply 
that each Q(P' q \A) is spanned by products of p elements of ^ 1,0 \A), and q elements of 
fi,0->°)(A). From the Liebniz rule, and the assumption of integrability, it now follows that 
du G n ( - p+1 ^(A)en ( -P' q+1 \A). for any v G Vt^{A). Thus, we must have that d = d+d. 

From d = d + d, we see that 

= d 2 = (<9 + d) o (d + d) = d 2 + (dd + dd) + d 2 . 

For any uj G il fc (M), it is easy to see that any non-zero images of uj under d 2 , dd + dd, 
and d , would lie in complementary subspaces of £l k+2 (M). Thus, it must hold that 

d 2 = 0, dd = -dd, d 2 = 0, 

showing that we have a double complex. That d and d satisfy the graded Liebniz rule 
is established similarily. □ 
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7.1 Framed Complex Structures 

We will now introduce a special type of complex structure for calculi over the base of 
quantum homogeneous bundle. It is a very natural construction, and is based on the 
complex structure of the CgfCP 1 ] presented in [37]. Moreover, the conditions required 
for the construction to work are easily tested for. 

Theorem 7.4 Let M be a quantum framed manifold with a right- absorbing total cal- 
culus £l'(M). If the cotangent space Vm of M can be decomposed into a direct-sum 
V M = V (1 ' 0) ©7 (0,1) , such that and are both right G-submodules of V M ; 

(V^r = vS^;and 

Am(V^' 0) ) C V^ 0) H, Am(^' 1} ) C V^ 1] ® H, (21) 

then Q'(M) has an almost- complex structure £l( p ' q \M) = (G ®> vj^' 9 ^) H , where, for Sk 
the group of permutations on k objects, 

V9(p, q ) = spanc { MT ® . . . ® mjf | m^iy ® ■ ■ ■ ® m^y g (v^)® p ® (V^)®*, vr g S k }, 

and V& q ) is the image of V^ {p ' q) in Each QM{M) is framed by V^ q \ and 

the restriction of AM®k to V^ p ' q ' . We call such an almost- complex structure a framed 
almost-complex structure. 

Proof. Let us first show that we have a Z 2 -graded algebra: Since and vj£ are 

closed under the right action of M , it is clear that V** i s closed under the right action 
of M. Thus, for any ^- ft ® W G (G <g) V^' q) ) H , m € M, we must have 



Hence, O p,<? ^(M) must be closed under right multiplication by 0- forms. The question of 
left multiplication is trivial. 

To show that multiplication of higher forms respects the grading, consider the map from 
(G ® V k ) H x (G ® V l ) H to (G ® induced by the multiplication in O'(M): 

(X] ® ^ 5i ® «^) ^ ^ fi(dj)(l) ® Vi(9j)(2) A 

For any TJJ G V^' , with p + q = k, right closure gives us that ^(/i)( 2) G V^. Thus, 
for G V^' s ' ) , with r + s = /, we have 

Hence, for any w G n(P'«)(M), to' G n^ s \M), we have w Aw' G 0(P+ r >«+ s )(M). 
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We now turn to verifying that flU holds: It is clear that V$ k = p+(?=A . V^ {p,q) . More- 
over, since is right closed, (|2"T]) implies VP(V^ ^) C V^^' 9 \ Thus, we have that 
V* = p+5=1 V^ ,9) . It now follows from fl23J that 

o*(m) = (g®(0 v£*>))* = ©(<? = © n<M) (M ). 

p+<j=l p+y=l p+g=l 

Finally, we come to the *-structure: Consider the map 

* : G © V M ->■ G (8) Vw, 9 (8) tJ H> 3* © u*. 

It is easy to see that its restriction to (G (8> V&f) corresponds to the ^-structure on 
«(P.ff)(M). Since (v£ ,0) )* = VjJ'^, it is clear that we must have *(«( 1 >°)(M)) = 
q(o,i) (JVf) as required. □ 

Now it is natural to ask when a framed almost-complex structure is integrable. The 
following lemma gives us an easily verifiable criterion. 

Corollary 7.5 A framed almost-complex structure is integrable if, and only if, for any 
linear complement Vc to Vj^ in Aq, 

v^Av(yeV$ 0) ©V£ ,1} ®V C , for all v e V^°\ (22) 

or equivalently 

^T) A ^) eV M 1} ® V M 2) ® V c, f° r all (23) 

We call an integrable framed almost- complex structure a framed complex structure. 

Proof. It is clear that the corollary would follow if we could show that d{dm) were 
contained in n^ 2 '°\M) © fit 1 ' 1 ) (M), for all m £ M. Now let {e~} 4 fc =1 be a basis of 
V( 1,0 )(M), for which 9m = J^i=i 5« e fc > w ith g% € G. The Liebniz rule gives us that 



d(<9m) = d(^2 9ie k ) = ^2(^9i A e k + g { de k 



i=l i=l 

While d(<9m) is of course contained in f2*(M), the same is not in general true for 
Yli=i dffi A ejJT , and ^Zi=i ft A de^T . However, the corollarly would still follow if we could 
show that Ym=i &9i A el, and Yli=i 9i A deZ , were contained in O (2,0) © fi T/ (i,i) © ^v C i 
where 

n (2 , ) = g © vi 2,0) , fi = G ® v^, five = g © v c . 

As a little thought will confirm, Yli=i dffi AeT" is indeed contained in fi T ,(2,0) ©^ v (i,i) ffi^vb • 

M M 



The Maurer-Cartan formula now tells us that if (j22[) holds, then the same is true for 
The derivation of the equivalent condition in (j23|) is exactly analogous. □ 
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7.2 A Framed Complex Structure for the Quantum Projective Spaces 



Let us denote 

V^i-i =c{e*i \i = l,...,N}, vg^L = c {eu \ i = 1, . . . , N}. 

Routine calculation will show that 

&cp»-i{v£$-i) C V^S_ X 8> C ? [Z7 r ] ® C g [E/jV-r], 

and 

^opw-i(vSS-i) C VjgS.! C g [*7 r ] ® C q [U N - r ]. 

Moreover, since 

it is clear that (V^p^-i))* = V^p^-i- Thus, il*(CP Ar_1 ) has a framed almost-complex 
structure. 

Let us now show that this complex structure is also integrable: Let Vc be the complement 
to V cp n-i spanned by the elements en, and e^, for i, j > 2. Moreover, let proj( 2j o) be 
the corresponding projection onto V^ 2 '°\ It holds that 

P r oj (2 ,o)(de+) = proj (2 0) (^< A «f) = 0, 

and so, condition (|22|) must hold. Alternatively, one can show that (|23|) holds using an 
analagous calculation. 



8 The Noncommutative Kahler Geometry of C^fCP 1 ] 

At this point one can introduce a general notion of Hermitian metric, braided metric 
contraction, volume form, and Hodge *-operator (defined as contraction with the volume 
form). For the specific case of the quantum projective spaces, there is a natural metric 
generalising the Fubini-Study metric. Moreover, one can give a direct presentation of 
the associated Hodge *-map, fundamental form, Lefschetz operator, and co-Lefschetz 
operator in terms of the basis given above. For the first few examples of the quantum 
projectice spaces, it is possible to verify directly that the Kahler identities hold. For the 
higher orders, however, a more systematic approach is required. Such an approach is 
being developed, and will appear in [5T]. For now, we present these constructions for 
the special case of the quantum projective line C q [CP ]. 

Let Vr, be the real vector space with basis {b±, b 2 }- We define a complex structure J on 
^Rby 

J(h) = b 2 , J(b 2 ) = -b l . 
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We denote its complexification by V. As usual, we extend J by C-linearity to a mapping 
on V. Its eigenvalues are i and —i, with respective eigenspaces 

V (1 'V = {v- iJ(v)\v € V}, y (0 ' 1} = {v + iJ(v)\v £ V}. 

It is easy to see that yt 1 ' ) is spanned over C by the element e + = b\ — 262, and that 
y(o,i) j s spanned over C by the element e~ = b\ + 2^2- In terms of this new basis we 
have that b\ = \{e~ + e + ) and b± = -^(e - — e + ). Thus, we have recovered V CP i, and its 
complex structure, as the complexification of a real vector space with an almost complex 
structure. 

A metric g on Vr is Hermitian with respect to J if, and only if, g(bi, bj) = c5ij, for some 
non-zero real number c. We will choose the metric that gives {6162} as an orthonormal 
basis, which is to say, we choose c = 1. The natural extension of g to a metic on the 
exterior algebra of Vr, gives e 1 A e 2 as the top form, and induces a Hodge *-map defined 
by *(&i) = 62, and *(6 2 ) = — &i- As usual, we extend this to a *-map on all V CP i by 
C-linearity. This gives 

*(e - ) = *(b\ + ib-i) = 62 — ibi = —i(bi + 162) = — 
*(e + ) = *(b\ — ib2) = 62 + i&i = i(bi — ^2) = ie + ■ 

We then extend this to a map on fi°(CP 1 ) © ^(CP 1 ) ^(CP 1 ) as id *. By abuse 
of notation, we will also denote this map by *. We see that * squares to give —1 on 
Q^CP*- 1 ) as it should. We can also extend g to a metric on il^CP 1 ] by setting 

g : ^[CP 1 ] x ^[CP 1 ] -> CJCP 1 ], (/ e ± , /i e ± ) ^ /i*/^, e ± ). 

Note that since n^^jCP 1 ]) ~ £-1, and n( 1 -°)(C,[CP 1 ]) ~ £1, this is a well-defined 
map. 

Following the classical picture we take the closed two form k = — e + A e~ as the Kahler 
form. We then define the operator 

L : CqfCP 1 ] — »• n 2 (CP 1 ), /-►/«, 

and the operator 

A : $7 2 (CP 1 ) -> CJCP 1 ], w^-*oLo*( w ). 

We extend L and A to operators on the total calculus by defining them to be zero on all 
other forms. Moreover, we define the codifferentials by 

d* = — * d*, d* = — * d*, d* = — * d * . 

Finally, we define the Laplace operators by 

A = (d + d*) 2 , A 9 = (d + d*) 2 , Ag = (d + d*) 2 . 

The following proposition shows that these operators satisfy the generalsiation of the 
Kahler identities for the sphere: 
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Proposition 8.1 We have the following relations: 

[L, d*} = id, [L, d*] = -id, [L,d}= 0, [L, d] = 0, 

[A, d] = id* , [A, 8) = -id*, [A, 5*] = 0, [A,d*} = 0, 

Proof. The relations 

[L,5] = [L,5] = [A,5*] = [A,5*]=0 

are direct consequences of the definition of L and A. The remaining relations are easily 
verified by direct calculation. We show this for the relation [L, d*] = id: First we note 
that [L,d*\ has a non-zero action only on C q [CP l ] and ^ lfi \CP l ). For / G C q [CP l ], 
we have 

[L, d*]f = (-L o *5 * + * d * °L)f = *d * oLf = *d * (fn) = *df = idf. 
While for fdh G n^(CP v ), we have 

[L, d*](fdh) = (-L o *d * + * d * oL)fdh = -L o *d * fdh 
= -iLo*d(fdh). 

Now d(fdh) = ke + A e~ , for some k G CJCP 1 ], and so, 

[L, d*](fdh) = -%L o *{ke + A e - ) - iL{k) = -ikn = ie + A e~. 
On the other hand 

id(fdh) = ike + A e~, 

which establishes the relation. □ 

Corollary 8.2 The Laplace operators are related by A = 2Aq = 2Aq. 

Proof. This can be established by direct calculation. Alternatively, one can follow the 
standard classical proof [21] : First note that 

-i(dd* + d*d) = d[A, d] + [A, d]3 = dAd - dAd = 0, 
and similarily dd* + d*d = 0. This gives that 

a = (d + d)(d* + d*) + (d* + d*)(d + d) 

= (dd* + d*d) + (dd* + d*d) + (55* + d*d) + (55* + 5*5) 

It remains to show that A^ = Aq, which is an easy consequence of the proposition: 

-iA d = -i{dd* + 5*5) = 5[A, 5] + [A, 5]5 = 5A5 - 55A + A55 - 5"A5 
= 5A5 + 55A - 5A5 = [5, A]5 + 5[5, A] = -id*d - idd* = -iA~. 
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□ 

Finally, we note that the irreducible spinor bundle of CgfCP 1 ] is given by 



While the spin Dirac operator is given by a twist of the Dirac-Dolbeault 9 + 3* by the 
standard monopole connection (see |37j ) . 
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